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Abstract. We study the equivalence of two — order-by-order Einstein’s equation and Re-
duced action — approaches to cosmological perturbation theory at all orders for different
models of inflation. We point out a crucial consistency check which we refer to as ‘Con-
straint consistency’ condition that needs to be satisfied in order for the two approaches to
lead to identical single variable equation of motion. The method we propose here is quick
and efficient to check the consistency for any model including modified gravity models. Our
analysis points out an important feature which is crucial for inflationary model building i.e.,
all ‘constraint’ inconsistent models have higher order Ostrogradsky’s instabilities but the re-
verse is not true. In other words, one can have models with constraint Lapse function and
Shift vector, though it may have Ostrogradsky’s instabilities. We also obtain single variable
equation for non-canonical scalar field in the limit of power-law inflation for the second-order
perturbed variables.
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1 Introduction
Inflation has now become an integral part of the standard model, that can eliminate cosmolog-
ical initial value problems, explain homogeneities as well as inhomogeneities and observation
of anisotropic Cosmic Microwave Background Radiation (CMBR)[1]. It is a period of accel-
erated expansion in the very early universe and it occurs around 1014 GeV which is much
remote in time compared to the terrestrial experiments. Inflationary cosmology has two key
theoretical aspects. One is the approximation schemes employed in solving gravity equations.
The other is the inflationary model building inspired by particle physics or a fundamental
theory of Quantum gravity. The problem with any theory of gravity is that it is typically
highly non-linear, so one has to rely on approximation schemes to match the observations.
Primarily there exist two formalisms to deal with the non-linear equations:
• The separate universe approximations[2–4] with either gradient expansion theory or
∆N formalism.[5–11]
• Gauge invariant cosmological perturbation theory[12–34].
The temperature fluctuations as observed in CMB is ∼ 10−5, hence it is consistent to use
order-by-order perturbation theory to match with observations[12, 35, 36]. In the first order,
one assumes that the perturbed fields are linear. This implies that the 3-point and higher or-
der correlation functions are zero. In the second order, the interactions of the first order need
to be included, hence, leading to non-zero 3-point functions. Also it is widely believed that
the detection of these 3-point correlation functions can reduce the field space of inflationary
models[14, 17, 37].
With respect to inflationary model building, the proposed theories are primarily pre-
ferred through simplicity. In the case of the canonical scalar field, the simplest, 60 e-foldings
of inflation require the potential to be flat, which is in contradiction with particle physics
models[38, 39]. Non-canonical scalar field model[40–42] removes the dependence of the poten-
tial, however it leads to time dependence of the speed of perturbations and makes it difficult
to be compared with CMB observations[43]. In order to seek more generalized fields, scalar
fields with higher time derivatives in action are considered[44–47]. Beside these, modified
gravity models, specifically f(R) lead to accelerated expansion in the early universe.
There are two mathematical procedures that are currently used in the literature to
study gauge invariant cosmological perturbation theory: Hamiltonian formulation(ADM
formulation)[34] and Lagrangian formulation[12–33]. Since gravity and matter are coupled
to each other, one can write the full action and vary the action with respect to metric and
matter fields to obtain general equations of motion (e.g., Einstein’s equation in General rel-
ativity). Those equations can be expanded in terms of perturbed variables (metric and field
variables) and one can write down equations in the perturbation theory[48]. In the action
formalism[49], the action is expanded to the required perturbed order in terms of the per-
turbed variables (metric and field variables) and then varied the action with respect to these
variables. For example, to obtain perturbed equations in the first order, we need to expand
the action to second order and vary the action with respect to the first order perturbed vari-
ables. This formalism can be extended to obtain perturbed equations of motion up to any
order. In the reduced action formalism, constraint variables are replaced in the action using
constraint equations so that we can rewrite the action only in terms of dynamical variables.
Since the matter fields (Non-canonical & Galilean scalar field model) and Gravity are
highly non-linear, it is not clear whether the two approaches, i.e., Einstein’s equations writing
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in order-by-order perturbation theory and action/reduced action formalism, lead to the same
equations of motion. In Ref.[50], it was shown that when the metric perturbations are frozen
then the two approaches do not, in general, lead to the same expressions. In this work we
address the issue by including the metric perturbations in the theory.
In the next section, we study higher order cosmological perturbation theory for a single
scalar field minimally coupled to gravity and show the equivalence of the two approaches at
all orders. We point out a crucial and novel consistency check which we refer to as ‘constraint
consistency’ condition that needs to be verified. We also show that this provides a fast and
efficient way to check the consistency and apply it to minimally coupled non-canonical scalar
field.
In section 3, we apply the ‘constraint consistency’ condition to many inflationary mod-
els that are proposed in the literature. First we check the theory with higher derivative
Lagrangian models minimally coupled to gravity. Then we extend the procedure to other
different types of models like modified gravity models and modified gravity with higher order
matter Lagrangian. Appendix A contains some of the derived expressions used in section 2
and in Appendix B, we obtain a single variable equation of motion for non-canonical scalar
fields in terms of second order perturbed variables.
In this work, the number of space-time dimensions is 4 and the metric signature we use
is [−,+,+,+], κ = 8piG, c = 1.
2 Consistency of Higher order perturbations in two different approaches
The action for gravity sourced by a single, non-minimally coupled scalar field (ϕ) is,
S =
∫
d4x
√−g
(
R
2κ
+ Lm
)
(2.1)
where
Lm = P (X,ϕ) +G(X,ϕ)ϕ, X ≡ 1
2
gµν∂µϕ∂µϕ,  ≡ − 1√−g∂µ{
√−ggµν∂ν} (2.2)
is the Lagrangian for the Galilean field which is the most general scalar field model leading to
second order equations of motion. Varying the action with respect to metric gives Einstein’s
equation,
Rµν − 1
2
gµν R = κ Tµν , (2.3)
where the stress tensor Tµν is,
Tµν = gµν{P +GXgαβ∂αX∂βϕ+Gϕgαβ∂αϕ∂βϕ}
− {PX + 2Gϕ +GXϕ}∂µϕ∂νϕ− 2GX∂µX∂νϕ
(2.4)
For simplicity and to obtain the physical features, we consider only single scalar field
theory minimally coupled to the gravity. In Section 3.4, we look at modified gravity models.
Variation of the action (2.1) with respect to the scalar field ‘ϕ’ leads to the following equation
of motion,
{2Gϕ − 2XGXϕ + PX}ϕ− {PXX + 2GXϕ}∂µϕ∂µϕ− 2X{Gϕ + PXϕ}+ Pϕ
−GX{ϕ,µνϕµν, − {ϕ}2 +Rµν∂µϕ∂νϕ} −GXX{∂µX∂µX + {∂µϕ∂µX}ϕ}} = 0
(2.5)
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As one can see, although the Lagrangian is of the form, Lm = Lm(ϕ, ∂ϕ, ∂2ϕ, t), i.e., it
contains higher time derivatives of the scalar field but equations of motion are second order,
thus does not suffer from Ostrogradsky’s instability[51]. With G(X,ϕ) = 0 the field becomes
non-canonical. Further fixing P = −X − V (ϕ), where V (ϕ) is the potential, the Lagrangian
corresponds to canonical scalar field.
The four-dimensional line element in the ADM form is given by,
ds2 = gµνdx
µdxν
= −(N2 −NiN i)dη2 + 2Nidxidη + γijdxidxj , (2.6)
where N(xµ) and Ni(x
µ) are Lapse function and Shift vector respectively, γij is the 3-D space
metric. Note that, in the case of Galilean model, N(xµ) and Ni(x
µ) are the gauge constraints
and variation of action (2.1) with respect to those lead to Hamiltonian and Momentum
constraints, respectively.
Action (2.1) for the line element (2.6) takes the form,
S =
∫
d4x
√−g
{ 1
2κ
(
(3)R+KijK
ij −K2
)
+ Lm
}
(2.7)
where Kij is extrinsic curvature tensor and is given by
Kij ≡ 1
2N
[
∂0γij −Ni|j −Nj|i
]
K ≡ γijKij
Perturbatively expanding the metric and the scalar field about the flat FRW spacetime,
we get,
g00 = −a2(1 + 2φ1 + 2φ2 + ...) (2.8)
g0i ≡ Ni = a2(∂iB1 + 1
2
2∂iB2 + ...) (2.9)
gij = a
2{(1− 2ψ1 − 2ψ2 − ...)δij + 2E1|ij + 2E2|ij + ...} (2.10)
ϕ = ϕ0 + ϕ1 +
1
2
2ϕ2 + ... (2.11)
where ‘’ denotes the order of the perturbation. Note that we have ignored the vector and
tensor part of the metric perturbations. Although in the first order, the scalar, vector and
tensor perturbations decouple, the three types of perturbations are coupled in higher order.
We assume that the vector and tensor contributions are small and can be neglected at all
orders.
To determine the dynamics at every order, we need five scalar functions (φ,B, ψ,E
and ϕ) at each order. Since there are two gauge choices, one can fix two of the five scalar
functions. In this work, we choose flat-slicing gauge, i.e., ψ = 0, E = 0 at all orders,
g00 = −a2(1 + 2φ1 + 2φ2 + ...) (2.12)
g0i ≡ Ni = a2(∂iB1 + 1
2
2∂iB2 + ...) (2.13)
gij = a
2δij (2.14)
ϕ = ϕ0 + ϕ1 +
1
2
2ϕ2 + ... (2.15)
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In the next subsection, we obtain the equation of motion of the second order perturbed
quantity in single variable form for non-canonical scalar field using order-by-order perturbed
Einstein’s equation. In subsection 2.2, we use reduced action approach. To confirm or
infirm the result of Ref.[50], that the two approaches lead to different results we focus on
non-canonical scalar field, i.e., setting G(X,ϕ) = 0.
2.1 Order-by-Order Einstein’s equation approach
For the background, gµν = diag(−a2, a2, a2, a2), equations (2.3) and (2.5) lead to,
−κ
3
(PXϕ
′
0
2
+ Pa2) = H2 (2.16)
−2a
′′
a
+H2 = κPa2 (2.17)
PXϕ
′′
0 − PXXϕ′′0ϕ′02a−2 + PXϕϕ′02 + 2PXϕ′0H+ PXXHϕ′03a−2 + Pϕa2 = 0 (2.18)
Equations (2.16) and (2.17) are zeroth order 0-0 and i-j Einstein’s equations where as
equation (2.18) is the zeroth order equation of motion of the scalar field. Similarly, the first
order 0-0, 0-i Einstein’s equations and equation of motion of the perturbed scalar field are,
H∇2B1 = κ
2
(PXφ1ϕ
′
0
2
+ 2Pa2φ1 + PXϕ
′
0ϕ
′
1 + PXXφ1ϕ
′
0
4
a−2 − PXXϕ′1ϕ′03a−2 +
PXϕϕ
′
0
2
ϕ1 + Pϕϕ1a
2) (2.19)
Hφ1 = −κ
2
PXϕ
′
0ϕ1 (2.20)
− PXϕ′′1a2 − PXXφ′1ϕ′03 + PXXϕ′′1ϕ′02 − PXXϕφ1ϕ′04 + PXXϕϕ′1ϕ′03 − Pϕφ1a4
− Pϕϕa4ϕ1 + PXφ1ϕ′′0a2 + PX∇2ϕ1a2 + PXφ′1ϕ′0a2 − 2PXϕ′1Ha2 − 4PXXφ1ϕ′′0ϕ′02
+ 3PXXϕ
′
0ϕ
′
1ϕ
′′
0 + PXXϕϕ
′′
0ϕ
′
0
2
ϕ1 − PXϕϕ′0ϕ′1a2 − PXϕϕ′′0a2ϕ1 − PXϕϕϕ′02a2ϕ1
+ 2PXφ1ϕ
′
0Ha2 + PXϕ′0∇2B1a2 + PXXφ1Hϕ′03 − PXXϕ′1Hϕ′02 − PXXXφ1Hϕ′05a−2
+ PXXXφ1ϕ
′′
0ϕ
′
0
4
a−2 + PXXXϕ′1Hϕ′04a−2 − PXXXϕ′1ϕ′′0ϕ′03a−2 − PXXϕHϕ′03ϕ1
− 2PXϕϕ′0Hϕ1a2 = 0
(2.21)
Note that, there are no φ′′1 and B′′1 terms in the above three equations and equations
(2.19) and (2.20) are, as expected, the constraint equations corresponding to Lapse function
and Shift vector. Hence, φ1 and B1 are constraints and we can eliminate them from the first
order equation of motion of the scalar field (2.21). In first order, single variable equation for
non-canonical scalar field in terms of Mukhanov-Sasaki variable (v) is,
v′′ − c2s∇2v −
z′′
z
v = 0 (2.22)
where,
v ≡ aϕ1, z ≡ aϕ
′
0
H , c
2
s ≡
PX
PX + 2XPXX
(2.23)
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Similarly, perturbed second order 0-0 and 0-i Einstein’s equations for non-canonical
scalar fields at second order are,
− 4φ1H∇2B1 +H∇2B2 − 2δijH∂iB1∂jφ1 − 1
2
∇2B1∇2B1 + 1
2
δijδkl∂ikB1∂jlB1
+ κ(−1
2
PXδ
ij∂iB1∂jB1ϕ
′
0
2 − Pδij∂iB1∂jB1a2 − 1
2
PXφ2ϕ
′
0
2 − Pφ2a2 + 2PXφ21ϕ′02 + 4Pφ21a2
+ 2PXφ1ϕ
′
0ϕ
′
1 +
7
2
PXXφ
2
1ϕ
′
0
4
a−2 − 5PXXφ1ϕ′1ϕ′03a−2 + PXϕφ1ϕ′02ϕ1 −
1
2
PXϕ
′
0ϕ
′
2
− 1
2
PXϕ
′
1
2 − 1
2
PXXφ2ϕ
′
0
4
a−2 − 1
2
PXXδ
ij∂iB1∂jB1ϕ
′
0
4
a−2 + 2PXXϕ′0
2
ϕ′1
2
a−2 +
1
2
PXXϕ
′
2ϕ
′
0
3
a−2
− PXXδij∂iB1∂jϕ1ϕ′03a−2 −
1
2
PXXδ
ij∂iϕ1∂jϕ1ϕ
′
0
2
a−2 − PXϕϕ′0ϕ′1ϕ1 −
1
2
PXϕϕ
′
0
2
ϕ2
− 1
2
PXXXφ
2
1ϕ
′
0
6
a−4 + PXXXφ1ϕ′1ϕ
′
0
5
a−4 − 1
2
PXXXϕ
′
0
4
ϕ′1
2
a−4 − 1
2
PXϕϕϕ
′
0
2
ϕ21 − PXXϕφ1ϕ′04a−2ϕ1
+ PXXϕϕ
′
1ϕ
′
0
3
a−2ϕ1 − 1
2
PXδ
ij∂iϕ1∂jϕ1 − 1
2
Pϕϕ2a
2 − 1
2
Pϕϕϕ
2
1a
2) = 0
(2.24)
− 2δjkH∂jB1∂ikB1 + ∂iΦ1∇2B1 + 4φ1H∂iφ1 −H∂iφ2 − δjk∂jφ1∂ikB1
+ κ(−1
2
PXϕ
′
0∂iϕ2 − PXϕ′1∂iϕ1 − PXXφ1∂iϕ1ϕ′03a−2 + PXXϕ′1∂iϕ1ϕ′02a−2 − PXϕϕ′0∂iϕ1ϕ1) = 0
(2.25)
and the equation of motion of the scalar field is,
CXPX + CXXPXX + CXXXPXXX + CXXXXPXXXX + CXXXϕPXXXϕ
+ CXXϕPXXϕ + CXXϕϕPXXϕϕ + CXϕPXϕ + CXϕϕPXϕϕ + CXϕϕϕPXϕϕϕ
+ CϕPϕ + CϕϕPϕϕ + CϕϕϕPϕϕϕ = 0
(2.26)
where CX , CXX , ... are all second order perturbed quantities and PX , PXX , PXϕ, ... are back-
ground quantities. The explicit form of C’s are given in Appendix A.
It is important to note that the second order equations also do not contain φ′′2 and/or
B′′2 . Hence one can obtain a single variable equation of motion of non-canonical scalar field
at second order. Malik et al obtained the single variable equation of motion in second order
for canonical scalar field[52]. Also note that ‘ϕ’ evaluated in the flat-slicing gauge is a gauge
invariant quantity and directly related to comoving curvature perturbation R/curvature per-
turbation on uniform-density hypersurfaces ζ [53].
2.2 Reduced Action approach
In the reduced action approach, which is now a popular way to calculate non-gaussianity,
one perturbs the field variables (gµν , ϕ) in the action and expands the action to the required
order. In other words, one assumes a priori the form of the metric and the matter variables in
the lowest order and expands order-by-order. For instance, in the case of FRW background,
the action (2.7) becomes,
(0)SNC =
∫
d4x
(
Pa4 − 3 1
κ
a′2
)
(2.27)
Varying the above action with respect to metric variable a(η) and ϕ0(η) leads to the
equations (2.17) and (2.18). Note that, as expected, these two equations are independent of
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each other since a(η) and ϕ0(η) are dynamical variables. To obtain first order (in ) equations,
one expands action (2.7) upto second order of . In general, varying the nth order action with
respect to mth order perturbed variables leads to (n−m)th order perturbed equations. It may
be worth noting that a given order equations of motion can be obtained in several ways, e.g.,
varying first order action with respect to first order variables leads to zeroth order equations
of motion.
Expanding the action (2.7) to the second order, only in terms of first order variables
(ϕ1, φ1, B1), we get
(2)SNC =
∫
d4x
(1
2
PXδ
ij∂iB1∂jB1ϕ
′
0
2
a2 − PXφ21ϕ′02a2 + PXφ1ϕ′0ϕ′1a2 −
1
2
PXϕ
′
1
2
a2+
PXδ
ijϕ′0∂iB1∂jϕ1a
2 +
1
2
PXδ
ij∂iϕ1∂jϕ1a
2 +
1
2
PXXφ
2
1ϕ
′
0
4 − PXXφ1ϕ′1ϕ′03 +
1
2
PXXϕ
′
0
2
ϕ′1
2
+
1
2
Pϕϕϕ
2
1a
4 + PXϕφ1ϕ
′
0
2
a2ϕ1 − PXϕϕ′0ϕ′1a2ϕ1 + Pϕφ1a4ϕ1 +
1
2
Pδij∂iB1∂jB1a
4 − 1
2
Pφ21a
4−
2φ1δ
ij 1
κ
a′∂ijB1a+
3
2
δij
1
κ
∂iB1∂jB1a
′2 − 9
2
1
κ
φ21a
′2 +
1
2
δijδkl
1
κ
∂ikB1∂jlB1a
2−
1
2
δijδkl
1
κ
∂ijB1∂klB1a
2
)
(2.28)
After integrating by-parts, and dropping off boundary terms, we get,
(2)SNC =
∫
d4x
(1
2
PXδ
ij∂iB1∂jB1ϕ
′
0
2
a2 − PXφ21ϕ′02a2 + PXφ1ϕ′0ϕ′1a2 −
1
2
PXϕ
′
1
2
a2+
PXδ
ijϕ′0∂iB1∂jϕ1a
2 +
1
2
PXδ
ij∂iϕ1∂jϕ1a
2 +
1
2
PXXφ
2
1ϕ
′
0
4 − PXXφ1ϕ′1ϕ′03 +
1
2
PXXϕ
′
0
2
ϕ′1
2
+
1
2
Pϕϕϕ
2
1a
4 + PXϕφ1ϕ
′
0
2
a2ϕ1 − PXϕϕ′0ϕ′1a2ϕ1 + Pϕφ1a4ϕ1 +
1
2
Pδij∂iB1∂jB1a
4−
1
2
Pφ21a
4 − 2φ1δij 1
κ
a′∂ijB1a+
3
2
δij
1
κ
∂iB1∂jB1a
′2 − 9
2
1
κ
φ21a
′2
)
(2.29)
Varying action (2.29) with respect to ϕ1, we obtain first order equation of motion of the
scalar field same as (2.21). Similarly, varying action with respect to φ1 and B1 gives same
equations as (2.19) and (2.20) respectively, i.e.,{δS2
δϕ1
}
φ1,B1
≡ 1st order Equation of motion of the scalar field{δS2
δφ1
}
ϕ1,B1
≡ 1st order Hamiltonian constraint{ δS2
δB1
}
ϕ1,φ1
≡ 1st order Momentum constraint
Similarly, we can expand (2.7) upto fourth order by expanding the field variables
(ϕ2, φ2, B2) and vary the action with respect to second order perturbed field variables to
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obtain second order equations. Fourth order action containing only ϕ2 terms are,
(4)SNCϕ2 =
∫
d4x
(1
4
PXφ2ϕ
′
0ϕ
′
2a
2 +
1
4
PXδ
ijϕ′0ϕ
′
2∂iB1∂jB1a
2 − 3
4
PXϕ
′
0ϕ
′
2φ
2
1a
2 +
1
2
PXφ1ϕ
′
1ϕ
′
2a
2 − 1
8
PXϕ
′
2
2
a2+
1
4
PXδ
ijϕ′0∂iB2∂jϕ2a
2 − 1
2
PXφ1δ
ijϕ′0∂iB1∂jϕ2a
2 +
1
2
PXδ
ijϕ′1∂iB1∂jϕ2a
2 +
1
2
PXδ
ijϕ′2∂iB1∂jϕ1a
2+
1
8
PXδ
ij∂iϕ2∂jϕ2a
2 +
3
2
PXXϕ
′
2φ
2
1ϕ
′
0
3 − 2PXXφ1ϕ′1ϕ′2ϕ′02 +
1
2
PXXφ1δ
ij∂iB1∂jϕ2ϕ
′
0
3
+
1
2
PXXφ1δ
ij∂iϕ1∂jϕ2ϕ
′
0
2−
1
4
PXXφ2ϕ
′
2ϕ
′
0
3 − 1
4
PXXδ
ijϕ′2∂iB1∂jB1ϕ
′
0
3
+
3
4
PXXϕ
′
0ϕ
′
2ϕ
′
1
2 − 1
2
PXXδ
ijϕ′1∂iB1∂jϕ2ϕ
′
0
2−
1
2
PXXδ
ijϕ′0ϕ
′
1∂iϕ1∂jϕ2 +
1
8
PXXϕ
′
0
2
ϕ′2
2 − 1
2
PXXδ
ijϕ′2∂iB1∂jϕ1ϕ
′
0
2 − 1
4
PXXδ
ijϕ′0ϕ
′
2∂iϕ1∂jϕ1+
1
8
Pϕϕϕ
2
2a
4 +
1
4
PXϕφ2ϕ
′
0
2
a2ϕ2 +
1
4
PXϕδ
ij∂iB1∂jB1ϕ
′
0
2
a2ϕ2 − 1
2
PXϕφ
2
1ϕ
′
0
2
a2ϕ2 +
1
2
PXϕφ1ϕ
′
0ϕ
′
1a
2ϕ2+
1
2
PXϕφ1ϕ
′
0ϕ
′
2a
2ϕ1 − 1
4
PXϕϕ
′
0ϕ
′
2a
2ϕ2 − 1
4
PXϕϕ
′
1
2
a2ϕ2 − 1
2
PXϕϕ
′
1ϕ
′
2a
2ϕ1 +
1
2
PXϕδ
ijϕ′0∂iB1∂jϕ1a
2ϕ2+
1
2
PXϕδ
ijϕ′0∂iB1∂jϕ2a
2ϕ1 +
1
4
PXϕδ
ij∂iϕ1∂jϕ1a
2ϕ2 +
1
2
PXϕδ
ij∂iϕ1∂jϕ2a
2ϕ1 − 1
4
PXXXϕ
′
2φ
2
1ϕ
′
0
5
a−2+
1
2
PXXXφ1ϕ
′
1ϕ
′
2ϕ
′
0
4
a−2 − 1
4
PXXXϕ
′
2ϕ
′
0
3
ϕ′1
2
a−2 +
1
4
Pϕϕϕϕ
2
1a
4ϕ2 +
1
4
PXXϕφ
2
1ϕ
′
0
4
ϕ2 − 1
2
PXXϕφ1ϕ
′
1ϕ
′
0
3
ϕ2−
1
2
PXXϕφ1ϕ
′
2ϕ
′
0
3
ϕ1 +
1
4
PXXϕϕ
′
0
2
ϕ′1
2
ϕ2 +
1
2
PXXϕϕ
′
1ϕ
′
2ϕ
′
0
2
ϕ1 +
1
2
PXϕϕφ1ϕ
′
0
2
a2ϕ1ϕ2 − 1
2
PXϕϕϕ
′
0ϕ
′
1a
2ϕ1ϕ2−
1
4
PXϕϕϕ
′
0ϕ
′
2ϕ
2
1a
2 +
1
2
PXφ1δ
ij∂iϕ1∂jϕ2a
2 +
1
2
Pϕϕφ1a
4ϕ1ϕ2 +
1
4
Pϕφ2a
4ϕ2 +
1
4
Pϕδ
ij∂iB1∂jB1a
4ϕ2
− 1
4
Pϕφ
2
1a
4ϕ2
)
(2.30)
Varying the action with respect to ϕ2 leads to the same equation of motion of ϕ2
(2.26). Similarly second order equations of φ2 and B2 can be obtained from varying fourth
order action with respect to φ2 and B2 (2.24) and (2.25), respectively. This mechanism can
be extended up to any order and we can generalize that, equations obtained from both the
approaches are identical and there are no ambiguities as discussed in Ref. [50].
Another way of seeing constraints is, action (2.29) or (2.30) contain no time derivative
of φ1, B1, φ2 and B2, i.e., Lapse function and Shift vector algebraically enter in the action.
Hence, variation with respect to φ and B always lead to constraint equations. So, we can
use (2.19) and (2.20) constraint equations to eliminate φ1 and B1 from the action and use
background equations (2.16) and (2.17) to obtain a second order single variable action in
terms of ϕ1. Further, writing the action in terms of Mukhanov-Sasaki variable ‘v’,
(2)SNC = 1
2
∫
d4x
{
v′2 − c2s δij ∂iv∂jv +
z′′
z
v2
}
(2.31)
where v, z and cs are defined in equation (2.23). We can vary the action (2.31) with respect
to v to obtain equation of motion of v, which is identical to the equation (2.22). Hence at
first order, order-by-order Einstein’s equation approach and reduced action approach lead to
identical result.
Similar procedure may be followed to obtain reduced second order single variable equa-
tion of motion. Fourth order action does not contain terms that have time derivatives of
φ2 and B2. Hence, as in the first order, one should be able to substitute φ2 and B2 in the
fourth order action to obtain a reduced action in terms of ϕ2. Malik et al showed, for canon-
ical scalar field under slow roll approximation, that the single variable equation from both
approaches are same[54]. Similarly, since in the case of non-canonical scalar field, equations
of Lapse function φ2 and Shift vector ∂iB2 are (1) identical for both the approaches and (2)
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are constraint equations, reduced single variable form of the equation of motion should also
be identical. In Appendix B, we give the reduced single variable action as well as equation
of motion in terms of ‘ϕ2’ for non-canonical scalar field in Power law limit. Hence, both
approaches give the identical results up to second order.
At the first order, equations of motion are linear in first order variables. In higher
order, only the highest order perturbed variables appear linearly, where the lowest order
perturbed variables contribute non-linearly to equations of motion. For example, in second
order, equations are linear in second order variables ϕ2, φ2 and B2 but are quadratic in first
order variables ϕ1, φ1 and B1. Hence, as pointed out in [50], it does appear that obtaining
equations of field variables φ,B and ϕ at higher order from the two approaches may not be
identical and thus the reduced form of the single variable equations of motion of the two
different approaches may differ. However, instead of the non-linear form of the perturbed
action, reduced single variable equations of motion at second order obtained from both the
approaches are identical, hence we can generalize that at every order, in the case of non-
canonical scalar field, both approaches lead to identical result. This leads to the following
question:
Why Appignani et al[50] obtained different equations of motion from two approaches?
In the simplified model proposed in Ref.[50], authors have assumed that the homoge-
neous universe is filled with matter fluctuations with no Lapse function φ and Shift vector
∂iB. They have shown that in this simplified model stress tensor, energy density and pressure
are not identical for both the approaches. Note that, since there are no metric fluctuations,
left hand sides of the perturbed Einstein’s equations are zero. This leads to five equations
(T 00 = 0, T
0
i = 0 and equation of motion of scalar field) for a single perturbed variable δϕ,
which lead to the inconsistency of the simplified model, hence the ambiguities. Another way
of looking into this is the following: in the action approach, one can obtain the Hamiltonian
(momentum) constraint of the system by varying the action with respect to φ (B). Since in
this simplified model, both are not present, this leads to inconsistent results.
This leads to another important question which we address in the rest of the paper is:
For what theories of gravity and matter field, the two approaches lead to identical single
variable equation of motion?
To answer the question, let us look at the procedure of conventional gauge invariant cos-
mological perturbation theory, which is based on two things, first, to obtain gauge invariant
variables and second, to obtain a single variable action/equation of motion in terms of gauge
invariant variables. Gauge invariant variables are model independent (if the background met-
ric is unchanged), i.e., these are same for canonical, non-canonical or Galilean models so that
we can always remove two variables out of five by using gauge conditions and define suitable
gauge invariant variables. At each order, we start from five perturbed variables (φ,B, ψ,E
and ϕ). The gauge choice helps to remove two variables. Carefully choosing a gauge (in our
case, E = 0 and ψ = 0) at any order could fix the gauge issue and reduced variables will
coincide with gauge invariant variables[53]. So all equations in terms of those variables also
become gauge invariant.
Obtaining a single variable action/equation of motion depends solely on gauge fixing
(the procedure discussed in the above paragraph) and two constraint equations which differ
from model to model. If Lapse function N (φ in perturbed case) and Shift vector Ni (∂iB in
perturbed case) remain constraints for any models, i.e., those functions algebraically enter
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into the action then equations of motion of Lapse function and Shift vector contain no time
derivatives of them, we can always eliminate them from action/equation of motion to get
a single variable action/equation. This helps to reduce the degrees of freedom to one and
we can write the action/equation of motion in a single variable form. However, if φ1 or B1
or both become dynamical i.e., if the action contains terms containing time derivatives of
Lapse function and/or Shift vector such that equations contain double time derivatives of
those variables then it is not possible to substitute those variables in the action or in the
equation of motion of the scalar field and the method fails. We refer the constrained nature
of Lapse function and Shift vector as ‘Constraint consistency’ condition. If it is satisfied then
the whole method of gauge invariant cosmological perturbation theory will work. In the next
section, we test the ‘constraint consistency’ condition for several models that are used in the
literature.
In fact, the whole exercise may be done in terms of Lapse N , Shift Ni and scalar field ϕ
without applying any perturbation theory. From Hamiltonian theory of General relativity or
from Einstein’s equation we obtain constraint equations, i.e., Hamiltonian and Momentum
constraints which are functions of (N,Ni, γij , ϕ, ϕ
′, ∂iϕ) in which Lapse function and Shift
vector are constraints. If out of four constraint equations (1 Hamiltonian equation or 0-0
Einstein’s equation and 3 Momentum constraint equation or 0-i Einstein’s equation), we can
solve and extract four quantity, one Lapse function and three component Shift vector then we
can substitute those back in the action or in equation of motion of the scalar field. Unfortu-
nately, GR equations are so highly non-linear that analytically solving constraint equations
for Lapse function and Shift vector and obtaining a single variable action or equation is very
difficult. Perturbation theory helps to simplify those equations so that we can invert those
equations in terms of Lapse function and Shift vector and obtain a simplified solutions of
constraint functions.
3 Specific models
In this section, first we start with well known models of inflation within the framework of
general relativity and then move to modified gravity models. To check for constraint con-
sistency we follow action formulation, write down second order action in terms of perturbed
variables and identify terms that contain time derivatives of Lapse function and/or Shift
vector.
3.1 Minimally coupled Galilean field
We start with the model with derivatives of metric in the action,
SGm =
∫
d4x
√−g G(X,ϕ)ϕ (3.1)
which has been proposed by Kobayashi et al[44, 45] where ‘’ is defined by equation (2.2).
Since ‘’ contains time derivatives of metric as well as matter, it is not obvious whether the
action can be expressed in a single variable form. After partial integration, the second order
matter action becomes as follows:
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(2)SGm =
∫
d4x
{
5GXφ1φ
′
1ϕ
′
0
3
+
15
2
GXϕ
′′
0φ
2
1ϕ
′
0
2 − 15
2
GXa
′φ21ϕ
′
0
3
a−1 − 3GXφ′1ϕ′1ϕ′0
2 − 6GXφ1ϕ′0ϕ′1ϕ′′0+
9GXφ1ϕ
′
1a
′ϕ′0
2
a−1 −GXδij∂iB1∂0jB1ϕ′03 −
3
2
GXδ
ij∂iB1∂jB1ϕ
′′
0ϕ
′
0
2
+
3
2
GXδ
ija′∂iB1∂jB1ϕ′0
3
a−1−
3GXφ1ϕ
′′
1ϕ
′
0
2
+GXϕ
′′
0ϕ
′
1
2
+ 2GXϕ
′
0ϕ
′
1ϕ
′′
1 − 3GXϕ′0a′ϕ′12a−1 − 2GXδijϕ′0∂iB1∂jϕ1ϕ′′0−
GXδ
ij∂iϕ1∂0jB1ϕ
′
0
2 − 2GXδij∂iB1∂0jϕ1ϕ′02 + 3GXδija′∂iB1∂jϕ1ϕ′02a−1 − 2GXδijϕ′0∂iϕ1∂0jϕ1+
GXδ
ijϕ′0a
′∂iϕ1∂jϕ1a−1 +GXδij∂iB1∂jφ1ϕ′0
3
+GXδ
ij∂iφ1∂jϕ1ϕ
′
0
2 −GXXφ1φ′1ϕ′0
5
a(−2)−
5GXXϕ
′′
0φ
2
1ϕ
′
0
4
a(−2) + 5GXXa′φ21ϕ
′
0
5
a(−3) + 7GXXφ1ϕ′1ϕ
′′
0ϕ
′
0
3
a(−2) − 8GXXφ1ϕ′1a′ϕ′04a(−3)+
GXXφ1ϕ
′′
1ϕ
′
0
4
a(−2) +
1
2
GXXδ
ij∂iB1∂jB1ϕ
′′
0ϕ
′
0
4
a(−2) − 1
2
GXXδ
ija′∂iB1∂jB1ϕ′0
5
a(−3) +GXXφ
′
1ϕ
′
1ϕ
′
0
4
a(−2)
− 5
2
GXXϕ
′′
0ϕ
′
0
2
ϕ′1
2
a(−2) +
7
2
GXXa
′ϕ′0
3
ϕ′1
2
a(−3) −GXXϕ′1ϕ′′1ϕ′03a(−2) +GXXδij∂iB1∂jϕ1ϕ′′0ϕ′03a(−2)−
GXXδ
ija′∂iB1∂jϕ1ϕ′0
4
a(−3) +
1
2
GXXδ
ij∂iϕ1∂jϕ1ϕ
′′
0ϕ
′
0
2
a(−2) − 1
2
GXXδ
ija′∂iϕ1∂jϕ1ϕ′0
3
a(−3)−
GXY φ
′
1ϕ
′
0
3
ϕ1 − 3GXY φ1ϕ′′0ϕ′02ϕ1 + 3GXY φ1a′ϕ′03a−1ϕ1 + 2GXY ϕ′0ϕ′1ϕ′′0ϕ1 − 3GXY ϕ′1a′ϕ′02a−1ϕ1+
GXY ϕ
′′
1ϕ
′
0
2
ϕ1 +
1
2
GXXXϕ
′′
0φ
2
1ϕ
′
0
6
a(−4) − 1
2
GXXXa
′φ21ϕ
′
0
7
a(−5) −GXXXφ1ϕ′1ϕ′′0ϕ′05a(−4)+
GXXXφ1ϕ
′
1a
′ϕ′0
6
a(−5) +
1
2
GXXXϕ
′′
0ϕ
′
0
4
ϕ′1
2
a(−4) − 1
2
GXXXa
′ϕ′0
5
ϕ′1
2
a(−5) +
1
2
GXY Y ϕ
′′
0ϕ
′
0
2
ϕ21−
1
2
GXY Y a
′ϕ′0
3
ϕ21a
−1 +GXXY φ1ϕ′′0ϕ
′
0
4
a(−2)ϕ1 −GXXY φ1a′ϕ′05a(−3)ϕ1 −GXXY ϕ′1ϕ′′0ϕ′03a(−2)ϕ1+
GXXY ϕ
′
1a
′ϕ′0
4
a(−3)ϕ1 +
1
4
GY δ
ij∂iB1∂jB1ϕ
′
0
2
a2 − 3
4
GY φ
2
1ϕ
′
0
2
a2 +GY φ1ϕ
′
0ϕ
′
1a
2 − 1
2
GY ϕ
′
1
2
a2+
GY δ
ijϕ′0∂iB1∂jϕ1a
2 +
1
2
GY δ
ij∂iϕ1∂jϕ1a
2 +
3
2
GXY φ
2
1ϕ
′
0
4 − 5
2
GXY φ1ϕ
′
1ϕ
′
0
3 − 1
4
GXY δ
ij∂iB1∂jB1ϕ
′
0
4
+
5
4
GXY ϕ
′
0
2
ϕ′1
2 − 1
2
GXY δ
ij∂iB1∂jϕ1ϕ
′
0
3 − 1
4
GXY δ
ij∂iϕ1∂jϕ1ϕ
′
0
2
+
1
2
GY Y φ1ϕ
′
0
2
a2ϕ1 −GY Y ϕ′0ϕ′1a2ϕ1
− 1
4
GXXY φ
2
1ϕ
′
0
6
a(−2) +
1
2
GXXY φ1ϕ
′
1ϕ
′
0
5
a(−2) − 1
4
GXXY ϕ
′
0
4
ϕ′1
2
a(−2) − 1
4
GY Y Y ϕ
′
0
2
ϕ21a
2−
1
2
GXY Y φ1ϕ
′
0
4
ϕ1 +
1
2
GXY Y ϕ
′
1ϕ
′
0
3
ϕ1a
2
}
(3.2)
where GX ≡ ∂XG,GY ≡ ∂ϕG for background and so on. The derivatives of the constraints
(φ1) appear linearly in the above reduced action (those terms are highlighted in the above
expression). However, by performing partial integration one can rewrite these terms as terms
proportional to φ1 e.g., first terms in the action can be written as −52∂0{GXϕ′03}φ21. So,
although the action contains time derivative of Lapse function but it is reducible to action with
no time derivative of Lapse or Shift, hence, variation of these terms do not lead constraint
inconsistencies.
3.2 (ϕ;λϕ
;λ{ϕ}2) model
Let us consider the following model where the matter action is given by
Sm =
∫
d4x
√−gϕ;λϕ;λ{ϕ}2 (3.3)
and is minimally coupled to gravity1. Expanding the matter action to second order, we get,
1Note that, our motivation is only about the consistency of the method discussed in the first section for
different models, not to check its physical observational viability or any other problems such as Higher order
Ostrogradsky’s ghost
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(2)Sm =
∫
d4x{−35
2
φ21ϕ
′
0
2
ϕ′′0
2
a−2 − 70a′ϕ′′0φ21ϕ′03a−3 − 14φ1φ′1ϕ′′0ϕ′03a−2 − 10φ1δijϕ′′0∂ijB1ϕ′03a−2−
70φ21ϕ
′
0
4
a′2a−4 − 28φ1φ′1a′ϕ′04a−3 − 20φ1δija′∂ijB1ϕ′04a−3 + 10φ1ϕ′′0ϕ′′1ϕ′02a−2 − 6φ1δijϕ′′0∂jiϕ1ϕ′02a−2
+ 20φ1a
′ϕ′′1ϕ
′
0
3
a−3 + 60φ1ϕ′1a
′ϕ′′0ϕ
′
0
2
a−3 − 12φ1δija′∂jiϕ1ϕ′03a−3 + 80φ1ϕ′1ϕ′03a′2a−4 + 10φ1ϕ′0ϕ′1ϕ′′0 2a−2
+ 6φ′1ϕ
′
1ϕ
′′
0ϕ
′
0
2
a−2 + 6δijϕ′1ϕ
′′
0∂ijB1ϕ
′
0
2
a−2 + 16φ′1ϕ
′
1a
′ϕ′0
3
a−3 + 16δijϕ′1a
′∂ijB1ϕ′0
3
a−3 − 4ϕ′0ϕ′1ϕ′′0ϕ′′1a−2
+ 4δijϕ′0ϕ
′
1ϕ
′′
0∂jiϕ1a
−2 − 12ϕ′1a′ϕ′′1ϕ′02a−3 − 12ϕ′0a′ϕ′′0ϕ′12a−3 + 12δijϕ′1a′∂jiϕ1ϕ′02a−3 − 24ϕ′02ϕ′12a′2a−4
+
5
2
δij∂iB1∂jB1ϕ
′
0
2
ϕ′′0
2
a−2 + 10δija′∂iB1∂jB1ϕ′′0ϕ
′
0
3
a−3 + 10δij∂iB1∂jB1ϕ′0
4
a′2a−4 − ϕ′12ϕ′′0 2a−2+
2δijϕ′0∂jB1∂iϕ1ϕ
′′
0
2
a−2 + 8δija′∂jB1∂iϕ1ϕ′′0ϕ
′
0
2
a−3 + 8δij∂jB1∂iϕ1ϕ′0
3
a′2a−4 + δij∂iϕ1∂jϕ1ϕ′′0
2
a−2+
4δijϕ′0a
′∂iϕ1∂jϕ1ϕ′′0a
−3 + 4δij∂iϕ1∂jϕ1ϕ′0
2
a′2a−4 + 4δij∂iB1ϕ′′0∂j0ϕ1ϕ
′
0
2
a−2 + 2φ′1ϕ
′′
1ϕ
′
0
3
a−2+
4δija′∂iB1∂jϕ1ϕ′′0ϕ
′
0
2
a−3 + 2δij∂iϕ1ϕ′′0∂0jB1ϕ
′
0
2
a−2 + 2δijϕ′′1∂ijB1ϕ
′
0
3
a−2 + 8δija′∂iB1∂j0ϕ1ϕ′0
3
a−3−
2δijφ′1∂jiϕ1ϕ
′
0
3
a−2 − 2δijδkl∂ijB1∂lkϕ1ϕ′03a−2 + 2δij∂iφ1∂jϕ1ϕ′′0ϕ′02a−2 + 8δij∂iB1∂jϕ1ϕ′03a′2a−4+
4δija′∂iϕ1∂0jB1ϕ′0
3
a−3 + 4δija′∂iφ1∂jϕ1ϕ′0
3
a−3 + 2δij∂iB1ϕ′′0∂0jB1ϕ
′
0
3
a−2 − 2δij∂iB1∂jφ1ϕ′′0ϕ′03a−2−
φ′1
2
ϕ′0
4
a−2 + 4δija′∂iB1∂0jB1ϕ′04a−3 − 4δija′∂iB1∂jφ1ϕ′04a−3 − 2δijφ′1∂ijB1ϕ′04a−2−
δijδkl∂ijB1∂klB1ϕ
′
0
4
a−2 − ϕ′02ϕ′′1 2a−2 + 2δijϕ′′1∂jiϕ1ϕ′02a−2 − δijδkl∂jiϕ1∂lkϕ1ϕ′02a−2}
(3.4)
Following points are worth-noting regarding the above action: (i) Unlike Galilean scalar
fields, the above action contains square of the derivative of constraints (φ′2) [the term is
highlighted in the above expression], (ii) In case of Galilean, it was possible to rewrite it
as boundary term, in this case it is not possible. This implies that using reduced action
approach, we cannot obtain a single dynamical equation. Hence as discussed in section (2),
the constraint consistency is not satisfied.
3.3 (ϕ;λϕ
;λ ϕ;µνϕ
;µν) model
As like the previous subsection, the following action also contains higher time derivatives of
constraints. Expanding the matter action
Sm =
∫
d4x
√−g ϕ;λϕ;λ ϕ;µνϕ;µν (3.5)
to second order, we get,
(2)Sm =
∫
d4x{−35
2
φ21ϕ
′
0
2
ϕ′′0
2
a−2 + 35a′ϕ′′0φ
2
1ϕ
′
0
3
a−3 − 14φ1φ′1ϕ′′0ϕ′03a−2 − 70φ21ϕ′04a′2a−4 + 14φ1φ′1a′ϕ′04a−3−
10φ1δ
ija′∂ijB1ϕ′0
4
a−3 + 10φ1ϕ′′0ϕ
′′
1ϕ
′
0
2
a−2 − 10φ1a′ϕ′′1ϕ′03a−3 − 30φ1ϕ′1a′ϕ′′0ϕ′02a−3 − 6φ1δija′∂jiϕ1ϕ′03a−3
+ 80φ1ϕ
′
1ϕ
′
0
3
a′2a−4 + 10φ1ϕ′0ϕ
′
1ϕ
′′
0
2
a−2 + 6φ′1ϕ
′
1ϕ
′′
0ϕ
′
0
2
a−2 − 8φ′1ϕ′1a′ϕ′03a−3 + 8δijϕ′1a′∂ijB1ϕ′03a−3−
4ϕ′0ϕ
′
1ϕ
′′
0ϕ
′′
1a
−2 + 6ϕ′1a
′ϕ′′1ϕ
′
0
2
a−3 + 6ϕ′0a
′ϕ′′0ϕ
′
1
2
a−3 + 6δijϕ′1a
′∂jiϕ1ϕ′0
2
a−3 − 24ϕ′02ϕ′12a′2a−4+
5
2
δij∂iB1∂jB1ϕ
′
0
2
ϕ′′0
2
a−2 − 5δija′∂iB1∂jB1ϕ′′0ϕ′03a−3 + 10δij∂iB1∂jB1ϕ′04a′2a−4 − ϕ′12ϕ′′0 2a−2+
2δijϕ′0∂jB1∂iϕ1ϕ
′′
0
2
a−2 − 4δija′∂jB1∂iϕ1ϕ′′0ϕ′02a−3 + 8δij∂jB1∂iϕ1ϕ′03a′2a−4 + δij∂iϕ1∂jϕ1ϕ′′0 2a−2−
2δijϕ′0a
′∂iϕ1∂jϕ1ϕ′′0a
−3 + 6δij∂iϕ1∂jϕ1ϕ′0
2
a′2a−4 + 4δij∂iB1ϕ′′0∂j0ϕ1ϕ
′
0
2
a−2 + 2φ′1ϕ
′′
1ϕ
′
0
3
a−2−
2δija′∂iB1∂jϕ1ϕ′′0ϕ
′
0
2
a−3 + 2δij∂iϕ1ϕ′′0∂0jB1ϕ
′
0
2
a−2 − 4δija′∂iB1∂j0ϕ1ϕ′03a−3 − 4δij∂iφ1∂j0ϕ1ϕ′03a−2−
2δijδkl∂ikB1∂ljϕ1ϕ
′
0
3
a−2 + 2δij∂iφ1∂jϕ1ϕ′′0ϕ
′
0
2
a−2 + 8δij∂iB1∂jϕ1ϕ′0
3
a′2a−4 − 2δija′∂iϕ1∂0jB1ϕ′03a−3+
2δija′∂iφ1∂jϕ1ϕ′0
3
a−3 + 2δij∂iB1ϕ′′0∂0jB1ϕ
′
0
3
a−2 − 2δij∂iB1∂jφ1ϕ′′0ϕ′03a−2 − φ′12ϕ′04a−2−
2δija′∂iB1∂0jB1ϕ′0
4
a−3 + 2δija′∂iB1∂jφ1ϕ′0
4
a−3 + 2δij∂iφ1∂jφ1ϕ′0
4
a−2 − δijδkl∂ikB1∂jlB1ϕ′04a−2−
ϕ′0
2
ϕ′′1
2
a−2 + 2δij∂i0ϕ1∂j0ϕ1ϕ′0
2
a−2 − δijδkl∂kiϕ1∂ljϕ1ϕ′02a−2 − 4δija′∂iϕ1∂j0ϕ1ϕ′02a−3}
(3.6)
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It is important to note that the second order action contains φ′2 which cannot be
absorbed as a boundary term (the highlighted term in the above expression). Hence the
constraint condition is not satisfied leading to the fact that the reduced action does not lead
to single variable equation of motion.
From the above analysis, we can generalize and apply this to any higher derivative
scalar theory models like {ϕ}3, ϕ, ϕ;α;βϕ;β;γϕ;γ;α, ϕ;αβγδϕαβγδ and that obtaining a single
variable equation of motion or action is not possible for these kind of models.
3.4 f(R) model
Until now, we have considered different forms of scalar field action without modifying gravity.
In this subsection, we consider the simplest modification i.e. R+ αR2 while we consider the
matter to be canonical scalar field. Since R and matter part of the action does not have any
inconsistency, we expand R2 up to second order in perturbed variables to get,
36δijδkl∂ijB1∂klB1a
′2a−6 + 12δijδkla′∂ijB1∂0klB1a−5 + 72δijφ′1∂ijB1a
′2a−6+
288φ1δ
ija′a′′∂ijB1a−6 + 12δijδkla′∂ijB1∂klφ1a−5 + 12δijδkla′∂klB1∂0ijB1a−5 + 4δijδkl∂0ijB1∂0klB1a−4+
24δijφ′1a
′∂0ijB1a−5 + 96φ1δija′′∂0ijB1a−5 + 4δijδkl∂klφ1∂0ijB1a−4 + 36φ′1
2
a′2a−6+
432φ1φ
′
1a
′a′′a−6 + 24δijφ′1a
′∂ijφ1a−5 + 432φ21a
′′2a−6 + 96φ1δija′′∂ijφ1a−5+
12δijδkla′∂klB1∂ijφ1a−5 + 4δijδkl∂ijφ1∂0klB1a−4 + 4δijδkl∂ijφ1∂klφ1a−4 + 24δijφ′1a
′′∂ijB1a−5−
72δija′∂iB1a′′∂0jB1a−6 + 12δijδkla′′∂ijB1∂klB1a−5 + 72δija′∂iB1∂jφ1a′′a−6 − 72δij∂iB1∂jB1a′′2a−6+
24δij∂iφ1∂jφ1a
′′a−5 − 12δijδkla′′∂ikB1∂jlB1a−5
(3.7)
Following points are interesting to note from the above expression: (i) R2 term contains
time derivative of φ, that cannot be absorbed as a boundary term. This implies that the
above action cannot lead to the constraint equation. (ii) By doing a conformal transformation
gµν → ˜gµν = Ω2gµν , the term containing the time derivative of φ can be absorbed as a matter
field and hence the constraint equation recovered. (iii) The constraint consistency allows us to
identify that the f(R) gravity models, without conformal transformation lead to inconsistent
dynamics.
3.5 [ϕ;λϕ
;λ({ϕ}2 − ϕ;µνϕ;µν)] model
As we have shown above, certain higher derivative models do not satisfy ‘constraint con-
sistency’. We have also shown which terms in the second order action spoil the ‘constraint
consistency’. However, it is interesting to note the terms that contain time derivative of
Lapse functions are identical. Let us consider the following scalar field action
S =
∫
d4x
√−g [ ϕ;λϕ;λ
({ϕ}2 − ϕ;µνϕ;µν) ] (3.8)
The second order action is given by,
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(2)Sm =
∫
d4x{−105a′ϕ′′0φ21ϕ′03a−3 − 10φ1δijϕ′′0∂ijB1ϕ′03a−2 − 42φ1φ′1a′ϕ′04a−3 − 10φ1δija′∂ijB1ϕ′04a−3−
6φ1δ
ijϕ′′0∂jiϕ1ϕ
′
0
2
a−2 + 30φ1a′ϕ′′1ϕ
′
0
3
a−3 + 90φ1ϕ′1a
′ϕ′′0ϕ
′
0
2
a−3 − 6φ1δija′∂jiϕ1ϕ′03a−3+
6δijϕ′1ϕ
′′
0∂ijB1ϕ
′
0
2
a−2 + 24φ′1ϕ
′
1a
′ϕ′0
3
a−3 + 8δijϕ′1a
′∂ijB1ϕ′0
3
a−3 + 4δijϕ′0ϕ
′
1ϕ
′′
0∂jiϕ1a
−2−
18ϕ′1a
′ϕ′′1ϕ
′
0
2
a−3 − 18ϕ′0a′ϕ′′0ϕ′12a−3 + 6δijϕ′1a′∂jiϕ1ϕ′02a−3 + 15δija′∂iB1∂jB1ϕ′′0ϕ′03a−3+
12δija′∂jB1∂iϕ1ϕ′′0ϕ
′
0
2
a−3 + 6δijϕ′0a
′∂iϕ1∂jϕ1ϕ′′0a
−3 − 2δij∂iϕ1∂jϕ1ϕ′02a′2a−4 + 6δija′∂iB1∂jϕ1ϕ′′0ϕ′02a−3+
2δijϕ′′1∂ijB1ϕ
′
0
3
a−2 + 12δija′∂iB1∂j0ϕ1ϕ′0
3
a−3 − 2δijφ′1∂jiϕ1ϕ′03a−2 − 2δijδkl∂ijB1∂lkϕ1ϕ′03a−2+
6δija′∂iϕ1∂0jB1ϕ′0
3
a−3 + 2δija′∂iφ1∂jϕ1ϕ′0
3
a−3 + 6δija′∂iB1∂0jB1ϕ′0
4
a−3 − 6δija′∂iB1∂jφ1ϕ′04a−3−
2δijφ′1∂ijB1ϕ
′
0
4
a−2 − δijδkl∂ijB1∂klB1ϕ′04a−2 + 2δijϕ′′1∂jiϕ1ϕ′02a−2 − δijδkl∂jiϕ1∂lkϕ1ϕ′02a−2+
4δij∂iφ1∂j0ϕ1ϕ
′
0
3
a−2 + 2δijδkl∂ikB1∂ljϕ1ϕ′0
3
a−2 − 2δij∂iφ1∂jφ1ϕ′04a−2 + δijδkl∂ikB1∂jlB1ϕ′04a−2−
2δij∂i0ϕ1∂j0ϕ1ϕ
′
0
2
a−2 + δijδkl∂kiϕ1∂ljϕ1ϕ′0
2
a−2 + 4δija′∂iϕ1∂j0ϕ1ϕ′0
2
a−3}
(3.9)
It is interesting to note the following points: (i) the action does not contain terms
having time derivative of Lapse function/Shift vector. Hence the resultant equation leads
to constraint equation. Similarly, [ϕ;λϕ
;λ({ϕ}3 − 3ϕ ϕ;µνϕ;µν + 2ϕ;α;βϕ;β;γϕ;γ;α)] model do
not have dynamical Lapse/Shift. (ii) From the above, one may be tempted to relate the
constraint consistency with Ostrogradsky’s instabilities. To go about checking this, let us
look at the zeroth order action for the matter field, i.e.,
(0)Sm =
∫
d4x{−6a′ϕ′′0ϕ′03a(−3)} (3.10)
which, after integration by-parts, can be re-written as,
(0)Sm =
∫
d4x{3
2
a′′a−3ϕ′0
4 − 9
2
a′2a−4ϕ′0
4} (3.11)
Hence the equations of motion will contain a′′′ and φ′′′0 . This immediately signals Ostrograd-
sky’s instability.
This leads us to the important conclusion: While all ‘constraint’ inconsistent models
have higher order Ostrogradsky’s instabilities but the reverse is not true. One can have
models with constraint Lapse function and Shift vector, though it may have Ostrogradsky’s
instabilities.
3.6 Constraint consistent models without instabilities
In the previous subsection, we showed that identifying the terms in (3.4) and (3.6) that
contains higher derivatives of Lapse function, we can remove these terms by combination of
these terms two terms. However, we noticed that such actions suffer from Ostrogradsky’s
instabilities. The term that leads to Ostrogradsky’s instability is 32a
′′a−3ϕ′0
4 at zeroth order
action (3.11). In order to cancel such term, without involving any higher derivatives of φ,
one needs to introduce non-minimal coupling of the kinetic term of the scalar field with Ricci
scalar. It is easy to show check that the term −14(ϕ;αϕ;α)2R exactly cancels this and the
resulting background action becomes,
(0)Sm = −9
2
∫
d4x a′2a−4ϕ′0
4
(3.12)
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Similarly, [ϕ;λϕ
;λ({ϕ}3− 3ϕ ϕ;µνϕ;µν + 2ϕ;α;βϕ;β;γϕ;γ;α− 6Gµνϕ;α;µϕ;αϕ;ν)] does not have
any constraint inconsistencies as well as instabilities.
The following points are worth noting regarding this:
i. We have arrived at the action [ϕ;λϕ
;λ({ϕ}2 − ϕ;µνϕ;µν − 14(ϕ;αϕ;α)2R] by using the
condition that the action does not have time derivatives of Lapse function and Shift
vector and later using the additional condition that Ostrogradsky’s instability does not
arise.
ii. In a different manner, Nicolis et al[46] and Deffayet et al[47] have come up with the same
action, only with condition of removing Ostrogradsky’s instability. Here we have veri-
fied that those models will result in consistent dynamics with ‘constraint consistency’
and lead to single variable action as well as equation of motion.
iii. Similarly, we find that the third order derivative model is [ϕ;λϕ
;λ({ϕ}3−3ϕ ϕ;µνϕ;µν+
2ϕ;α;βϕ
;β
;γϕ
;γ
;α−6Gµνϕ;α;µϕ;αϕ;ν)] which, again has been derived in [46] and [47]. This model
is also constraint consistent and free of Ostrogradsky’s instability.
4 Conclusions
In this work, we have revisited the two approaches in cosmological perturbation theory —
order-by-order approach of the Einstein’s equation and reduced action formalism. Equiva-
lence of the two approaches were not clear since Gravity equations are highly non-linear. In
this work, we have established that equations arising from order-by-order approach of the
Einstein’s equations and those from the action formalism are equivalent for canonical as well
as non-canonical scalar fields up to second order. These results may easily be extended to
any model in Gravity models at any order.
To compare both the approaches, We have identified a ‘Constraint consistency condi-
tion’ where the constrained nature of Lapse function and Shift vector are studied. We have
shown that, in order to obtain a reduced equation for both of the approaches, ‘Constraint
consistency’ relation has to be satisfied, i.e., those variables should appear in the action al-
gebraically, and no non-reducible partial time derivatives of Lapse function and Shift vector
should be present. In other words, equations of motion of Lapse function and Shift vector
should not contain second order partial time derivatives. We then investigated the higher
order derivative theories of gravity and found that models which satisfy the constraint condi-
tions can be applied to the conventional perturbation theory where we express all equations
in a simplified form with a single variable (Curvature perturbation R or Mukhanov-Sasaki
variable) equation of motion. One common problem with higher order derivative theories
is that, they may have Higher derivative equations of motion which can give rise to Os-
trogradsky’s instabilities. We showed that all the models which do not satisfy ‘Constraint
consistency’ conditions suffer form Ostrogradsky’s instabilities. However, we also find that,
there exist some models which satisfy constraint conditions though they have instabilities,
i.e., the action can be reduced in a single variable form but the single variable equation of
motion will contain higher order time derivatives. The method we have proposed here is fast
and efficient and would be useful for inflationary model building.
We have also constructed some higher derivative models in such a way that those mod-
els should satisfy constraint consistency condition and can be free from higher order time
derivatives. Those models have already been derived in the literature in a different manner
– 15 –
where the approach of constructing models are different. This ensures that, conventional
perturbation theory can be used in higher derivative models which are free from Ostrograd-
sky’s instabilities to obtain a gauge invariant single variable equation of motion using any
approaches. We summarize the main results,
1. The two approaches are completely equivalent.
2. Not all models with Lagrangian density L = ∫ √−g {R+ F (ϕ, ∂ϕ, ∂2ϕ)} or L =∫ √−gF (R, ∂ϕ, ∂2ϕ) can be reduced in a single variable form.
3. To obtain a single variable form, ‘Constraint consistency’ condition has to be satisfied.
4. Models with constraint inconsistency show Ostrogradsky’s instability but the reverse
is not true.
The analysis here may have implications for models of quantum cosmology with scalar
fields[55]. The quantum corrections to the matter and gravity can be modelled as effective
stress-tensor [56]. The effective classical equation must also satisfy the constraint consistency.
This might help to constraint the quantum cosmology models[56].
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A Coefficients of second order equation of motion of non-canonical scalar
field
CX =ϕ
′′
2 − 2φ1ϕ′′1 − φ2ϕ′′0 −∇2ϕ2 − 2φ′1ϕ′1 − φ2ϕ′0 + 2Hϕ′2 + 3ϕ′′0φ21 − 2φ1∇2ϕ1 + 6φ1φ′1ϕ′0−
4Hφ1ϕ′1 − 2Hφ2ϕ′0 − ϕ′0∇2B2 − 2ϕ′1∇2B1 − 4δij∂iB1∂jϕ′1 − 2δij∂iφ1∂jϕ1 − 2δij∂iϕ1∂jB′1+
6Hϕ′0φ21 + 2φ1ϕ′0∇2B1 + 2δijϕ′0∂iB1∂jφ1 − 2δijϕ′0∂iB1∂jB′1 − 4Hδij∂iB1∂jϕ1−
δij∂iB1∂jB1ϕ
′′
0 − 2Hδijϕ′0∂iB1∂jB1
(A.1)
CXX =a
−2φ′2ϕ
′
0
3 − 3a−2ϕ′′0ϕ′12 − a−2ϕ′′2ϕ′02 − 12a−2φ1φ′1ϕ′03 + 8a−2φ1ϕ′′1ϕ′02+
4a−2φ2ϕ′′0ϕ
′
0
2
+ 8a−2φ′1ϕ
′
1ϕ
′
0
2 − 6a−2ϕ′0ϕ′1ϕ′′1 − 3a−2ϕ′0ϕ′2ϕ′′0 − 21a−2ϕ′′0φ21ϕ′02−
2a−2φ1∇2B1ϕ′03 − 2a−2φ1∇2ϕ1ϕ′02 + 18a−2φ1ϕ′0ϕ′1ϕ′′0 − a−2φ2Hϕ′03 + 2a−2ϕ′0ϕ′1∇2ϕ1+
4a−2δijϕ0∂iϕ1∂jϕ′1 + 2a
−2ϕ′1∇2B1ϕ′02 − 2a−2δij∂iB1∂jφ1ϕ′03+
2a−2δij∂iB1∂jB′1ϕ
′
0
3
+ 4a−2δij∂iB1∂jϕ′1ϕ
′
0
2 − 2a−2δij∂iφ1∂jϕ1ϕ′02 + a−2δij∂iϕ1∂jϕ1ϕ′′0+
2a−2δij∂iϕ1∂jB′1ϕ
′
0
2
+ a−2Hϕ′2ϕ′02 + 3a−2Hφ21ϕ′03 − 2a−2Hφ1ϕ′1ϕ′02+
6a−2δijϕ′0∂iB1∂jϕ1ϕ
′′
0 + 4a
−2δij∂iB1∂jB1ϕ′′0ϕ
′
0
2 − a−2Hδij∂iB1∂jB1ϕ′03−
2a−2Hδij∂iB1∂jϕ1ϕ′02
(A.2)
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CXXX =2a
−4φ1φ′1ϕ
′
0
5 − 2a−4φ1ϕ′′1ϕ′04 + a−4Hφ2ϕ′05 − a−4φ2ϕ′′0ϕ′04 − 2a−4φ′1ϕ′1ϕ′04+
2a−4ϕ′1ϕ
′′
1ϕ
′
0
3 − a−4Hϕ′2ϕ′04 + a−4ϕ′2ϕ′′0ϕ′03 − 8a−4Hφ21ϕ′05 − 5a−4Hϕ′03ϕ′12+
11a−4ϕ′′0φ
2
1ϕ
′
0
4
+ 6a−4ϕ′′0ϕ
′
0
2
ϕ′1
2
+ 12a−4Hφ1ϕ′1ϕ′04 − 16a−4φ1ϕ′1ϕ′′0ϕ′03+
a−4Hδij∂iB1∂jB1ϕ′05 + 2a−4Hδij∂iB1∂jϕ1ϕ′04 + a−4Hδij∂iϕ1∂jϕ1ϕ′03−
a−4δij∂iB1∂jB1ϕ′′0ϕ
′
0
4 − 2a−4δij∂iB1∂jϕ1ϕ′′0ϕ′03 − a−4δij∂iϕ1∂jϕ1ϕ′′0ϕ′02
(A.3)
CXXXX =a
−6Hφ21ϕ′07 + a−6Hϕ′05ϕ′12 − a−6ϕ′′0φ21ϕ′06 − a−6ϕ′′0ϕ′04ϕ′12−
2a−6Hφ1ϕ′1ϕ′06 + 2a−6φ1ϕ′1ϕ′′0ϕ′05
(A.4)
CXXXϕ =a
−4φ21ϕ
′
0
6
+ a−4ϕ′0
4
ϕ′1
2 − 2a−4φ1ϕ′1ϕ′05 + 2a−4Hφ1ϕ′05ϕ1 − 2a−4φ1ϕ′′0ϕ′04ϕ1−
2a−4Hϕ′1ϕ′04ϕ1 + 2a−4ϕ′1ϕ′′0ϕ′03ϕ1
(A.5)
CXXϕ =a
−2φ2ϕ′0
4 − a−2ϕ′′2ϕ′03 − 5a−2φ21ϕ′04 − 4a−2ϕ′02ϕ′12 + 8a−2φ1ϕ′1ϕ′03+
2a−2φ′1ϕ
′
0
3
ϕ1 − a−2ϕ′′0ϕ′02ϕ2 − 2a−2ϕ′′1ϕ′02ϕ1 + 8a−2φ1ϕ′′0ϕ′02ϕ1+
a−2δij∂iB1∂jB1ϕ′0
4
+ 2a−2δij∂iB1∂jϕ1ϕ′0
3
+ a−2δij∂iϕ1∂jϕ1ϕ′0
2 − 6a−2ϕ′0ϕ′1ϕ′′0ϕ1+
a−2Hϕ′03ϕ2 − 2a−2Hφ1ϕ′03ϕ1 + 2a−2Hϕ′1ϕ′02ϕ1
(A.6)
CXXϕϕ = 2a
−2φ1ϕ′0
4
ϕ1 − 2a−2ϕ′1ϕ′03ϕ1 − a−2ϕ′′0ϕ′02ϕ21 + a−2Hϕ′03ϕ21 (A.7)
CXϕ =ϕ
′
1
2
+ ϕ′0ϕ
′
2 + ϕ
′′
0ϕ2 + 2ϕ
′′
1ϕ1 + φ
2
1ϕ
′
0
2 − 2φ1ϕ′0ϕ′1 − 2φ1ϕ′′0ϕ1−
δij∂iϕ1∂jϕ1 − 2δij∂ijϕ1ϕ1 − 2φ′1ϕ′0ϕ1 + 2Hϕ′0ϕ2 + 4Hϕ′1ϕ1−
4Hφ1ϕ′0ϕ1 − 2δijϕ′0∂iB1∂jϕ1 − 2δijϕ′0∂ijB1ϕ1
(A.8)
CXϕϕ = ϕ
′′
0ϕ
2
1 + ϕ
′
0
2
ϕ2 + 2ϕ
′
0ϕ
′
1ϕ1 + 2Hϕ′0ϕ21 (A.9)
CXϕϕϕ = ϕ
′
0
2
ϕ21 (A.10)
Cϕ = a
2φ2 − a2φ21 + a2δij∂iB1∂jB1 (A.11)
Cϕϕ = a
2ϕ2 + 2a
2φ1ϕ1 (A.12)
Cϕϕϕ = a
2ϕ21 (A.13)
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B Second order single variable equation of motion for non-canonical scalar
field for Power-law inflation
Fourth order action for non-canonical scalar field, after partial integration is,
(4)S =
∫
d4x
(
3φ1φ2δ
ija′∂ijB1κ−1a+
1
8
PXφ
2
2ϕ
′
0
2
a2 +
1
4
Pφ22a
4 +
1
4
PXφ2δ
ij∂iB1∂jB1ϕ
′
0
2
a2 +
1
2
Pφ2δ
ij∂iB1∂jB1a
4−
3
2
PXφ2φ
2
1ϕ
′
0
2
a2 − 3Pφ2φ21a4 −
1
4
φ2δ
ijδkl∂ikB1∂jlB1κ
−1a2 +
1
4
φ2δ
ijδkl∂ijB1∂klB1κ
−1a2 − 3
2
PXφ1φ2ϕ
′
0ϕ
′
1a
2+
1
4
PXφ2ϕ
′
0ϕ
′
2a
2 +
1
4
PXδ
ijϕ′0ϕ
′
2∂iB1∂jB1a
2 − 3
4
PXϕ
′
0ϕ
′
2φ
2
1a
2 +
1
4
PXφ2ϕ
′
1
2
a2 +
1
2
PXφ1ϕ
′
1ϕ
′
2a
2 − 1
8
PXϕ
′
2
2
a2−
1
2
PXφ2δ
ijϕ′0∂iB1∂jϕ1a
2 − 1
2
PXφ1δ
ijϕ′0∂iB1∂jϕ2a
2 +
1
2
PXδ
ijϕ′1∂iB1∂jϕ2a
2 +
1
2
PXδ
ijϕ′2∂iB1∂jϕ1a
2+
1
8
PXδ
ij∂iϕ2∂jϕ2a
2 − 9
4
PXXφ2φ
2
1ϕ
′
0
4
+ 3PXXφ1φ2ϕ
′
1ϕ
′
0
3
+
3
2
PXXϕ
′
2φ
2
1ϕ
′
0
3 − 2PXXφ1ϕ′1ϕ′2ϕ′02+
1
2
PXXφ1δ
ij∂iB1∂jϕ2ϕ
′
0
3
+
1
2
PXXφ1δ
ij∂iϕ1∂jϕ2ϕ
′
0
2
+
1
8
PXXφ
2
2ϕ
′
0
4
+
1
4
PXXφ2δ
ij∂iB1∂jB1ϕ
′
0
4 − 1
4
PXXφ2ϕ
′
2ϕ
′
0
3−
PXXφ2ϕ
′
0
2
ϕ′1
2
+
1
2
PXXφ2δ
ij∂iB1∂jϕ1ϕ
′
0
3
+
1
4
PXXφ2δ
ij∂iϕ1∂jϕ1ϕ
′
0
2 − 1
4
PXXδ
ijϕ′2∂iB1∂jB1ϕ
′
0
3
+
3
4
PXXϕ
′
0ϕ
′
2ϕ
′
1
2 − 1
2
PXXδ
ijϕ′1∂iB1∂jϕ2ϕ
′
0
2 − 1
2
PXXδ
ijϕ′0ϕ
′
1∂iϕ1∂jϕ2 +
1
8
PXXϕ
′
0
2
ϕ′2
2 − 1
2
PXXδ
ijϕ′2∂iB1∂jϕ1ϕ
′
0
2
− 1
4
PXXδ
ijϕ′0ϕ
′
2∂iϕ1∂jϕ1 +
1
8
PY Y ϕ
2
2a
4 +
1
4
PXY φ2ϕ
′
0
2
a2ϕ2 +
1
4
PXY δ
ij∂iB1∂jB1ϕ
′
0
2
a2ϕ2 − 1
2
PXY φ
2
1ϕ
′
0
2
a2ϕ2
− PXY φ1φ2ϕ′02a2ϕ1 +
1
2
PXY φ1ϕ
′
0ϕ
′
1a
2ϕ2 +
1
2
PXY φ2ϕ
′
0ϕ
′
1a
2ϕ1 +
1
2
PXY φ1ϕ
′
0ϕ
′
2a
2ϕ1 − 1
4
PXY ϕ
′
0ϕ
′
2a
2ϕ2−
1
4
PXY ϕ
′
1
2
a2ϕ2 − 1
2
PXY ϕ
′
1ϕ
′
2a
2ϕ1 +
1
2
PXY δ
ijϕ′0∂iB1∂jϕ1a
2ϕ2 +
1
2
PXY δ
ijϕ′0∂iB1∂jϕ2a
2ϕ1 +
1
4
PXY δ
ij∂iϕ1∂jϕ1a
2ϕ2+
1
2
PXY δ
ij∂iϕ1∂jϕ2a
2ϕ1 +
1
4
PXXXφ2φ
2
1ϕ
′
0
6
a(−2) − 1
4
PXXXϕ
′
2φ
2
1ϕ
′
0
5
a(−2) − 1
2
PXXXφ1φ2ϕ
′
1ϕ
′
0
5
a(−2)+
1
2
PXXXφ1ϕ
′
1ϕ
′
2ϕ
′
0
4
a(−2) +
1
4
PXXXφ2ϕ
′
0
4
ϕ′1
2
a(−2) − 1
4
PXXXϕ
′
2ϕ
′
0
3
ϕ′1
2
a(−2) +
1
4
PY Y Y ϕ
2
1a
4ϕ2 +
1
4
PXXY φ
2
1ϕ
′
0
4
ϕ2+
1
2
PXXY φ1φ2ϕ
′
0
4
ϕ1 − 1
2
PXXY φ1ϕ
′
1ϕ
′
0
3
ϕ2 − 1
2
PXXY φ1ϕ
′
2ϕ
′
0
3
ϕ1 − 1
2
PXXY φ2ϕ
′
1ϕ
′
0
3
ϕ1 +
1
4
PXXY ϕ
′
0
2
ϕ′1
2
ϕ2+
1
2
PXXY ϕ
′
1ϕ
′
2ϕ
′
0
2
ϕ1 +
1
2
PXY Y φ1ϕ
′
0
2
a2ϕ1ϕ2 +
1
4
PXY Y φ2ϕ
′
0
2
ϕ21a
2 − 1
2
PXY Y ϕ
′
0ϕ
′
1a
2ϕ1ϕ2 − 1
4
PXY Y ϕ
′
0ϕ
′
2ϕ
2
1a
2+
1
2
PXφ1δ
ij∂iϕ1∂jϕ2a
2 +
1
2
PY Y φ1a
4ϕ1ϕ2 +
1
4
PXφ2δ
ij∂iϕ1∂jϕ1a
2 +
1
4
PY φ2a
4ϕ2 +
1
4
PY Y φ2ϕ
2
1a
4+
1
4
PY δ
ij∂iB1∂jB1a
4ϕ2 − 1
4
PY φ
2
1a
4ϕ2 − 1
2
PY φ1φ2a
4ϕ1
)
(B.1)
We can eliminate φ2, φ1 and B1 using constraint equations. While this is possible for
canonical scalar field, it is highly non-trivial for non-canonical scalar fields. Hence we consider
Power law inflation to reduce the action in a single variable form.
For Power-law, we have
a = a0(−η)β (B.2)
H ≡ a
′
a
= − β
(−η) (B.3)
a′′
a
= −β(1− β)
(−η)2 (B.4)
ϕ0 = ϕc(−η)α (B.5)
ϕ0
′ = ϕcα(−η)α (B.6)
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H2 = −κ
3
(PXϕ0
′2 + P0a2) (B.7)
−2a
′′
a
+H2 = κP0a2 (B.8)
For Power-law inflation, P (X,ϕ) = C
ϕ2
(X2 +X). Solving for C,ϕc and α using above
equations,
α = 1 + β (B.9)
C =
−6β(1− β)
κ(1 + β)2
(B.10)
ϕ0c =
√
2
3
a0
1 + β
√
1− 2β
1− β (B.11)
Using first order Einstein’s equations,
φ1 =
√
3
2
√
1− β
1− 2β
1 + β
a0(−η)1+βϕ1 (B.12)
φ1 = F3ϕ1 (B.13)
∇2B1 = 3
a0
√
3
2
√
1− β
1− 2β (1− 3β)
{ 1 + β
(−η)2+βϕ1 +
1
(−η)1+βϕ
′
1
}
(B.14)
∇2B1 = F1ϕ1 + F2ϕ′1 (B.15)
where,
F1 =
3
a0
√
3
2
√
1− β
1− 2β (1− 3β)
1 + β
(−η)2+β (B.16)
F2 =
3
a0
√
3
2
√
1− β
1− 2β (1− 3β)
1
(−η)1+β (B.17)
F3 =
1
a0
√
3
2
√
1− β
1− 2β
1 + β
(−η)1+β (B.18)
Similarly using second order Einstein’s equations,
∂iφ2 = C1∂iϕ2 + C2ϕ1∂iϕ1 + C3δ
jk∂jϕ1∂ikB1 + C4δ
jk∂jB1∂ikB1 + C5ϕ
′
1∂iϕ1 (B.19)
φ2 = C1ϕ2 +
1
2
C2ϕ
2
1 − δij∂iB1∂jB1 +Q (B.20)
Q = ∂−1i{C3δjk∂jϕ1∂ikB1 + C5ϕ′1∂iϕ1} (B.21)
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where
C1 =
√
3
2
√
1− β
1− 2β
1 + β
a0 (−η)1+β (B.22)
C2 = − 3
2a20
(1 + β)(1− β)(3− 14β + 7β2)
(1− 2β)
1
(−η)2+2β (B.23)
C3 =
√
3
2
√
1− β
1− 2β
(1 + β)
a0β
1
(−η)β (B.24)
C4 = −2 (B.25)
C5 = − 9
2a20
(1− β)2(1− 3β)
β(1− 2β)
1
(−η)1+2β (B.26)
Multiplying the fourth order action (B.1) by 83(1− 2β)2,∫
d4x
[(
A1ϕ
′2
2 +A2∂
iϕ2∂iϕ2 +A3ϕ2ϕ
′
2 +A4ϕ
2
2
)
+ ∂iϕ2
(
B1ϕ1∂iϕ1 +B2ϕ1∂iB1+
B3ϕ
′
1∂iB1 +B4ϕ
′
1∂iϕ1
)
+ ϕ′2
(
D1ϕ
2
1 +D2ϕ
′
1ϕ1 +D3Q+D4ϕ
′
1
2
+D5∂
iB1∂iϕ1+
D6∂
iϕ1∂iϕ1
)
+ ϕ2
(
E1ϕ
2
1 + E2(∇2B1)2 + E3∂ijB1∂ijB1 + E4ϕ1ϕ′1 + E5ϕ′12 + E6Q
+ E7∂
iB1∂iϕ1 + E8∂
iϕ1∂iϕ1
)]
(B.27)
where,
A1 = −3β(1− β)(1− 2β)(1− 3β)
κ(−η)2 (B.28)
A2 = −β(1− β)(1 + β)(1− 2β)
κ(−η)2 (B.29)
A3 = −2β(1− β)(1 + β)(1− 2β)(1− 11β)
κ(−η)3 (B.30)
A4 =
3β(1− β)(1 + β)2(1− 2β)(1 + 3β)
κ(−η)4 (B.31)
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B1 = −36β(1− β)(1 + β)(1− 2β)(1− 3β)√
6a0 κ(−η)3+β
√
1− β
1− 2β (B.32)
B2 =
4β(1− β)(1 + β)(1− 2β)(1− 11β)
κ(−η)3 (B.33)
B3 =
12β(1− β)(1− 2β)(1− 3β)
κ(−η)2 (B.34)
B4 = −48β(1− 2β)
2(1− β)√
6 a0 κ(−η)2+β
√
1− β
1− 2β (B.35)
D1 =
9
√
(1− β)(1− 2β)(1 + β)(1− β)(3− 5β + 5β2 − 83β3)√
6 a0 κ(−η)4+β
(B.36)
D2 =
36β
√
(1− β)(1− 2β)(1− β)(1 + β)(7− 17β)√
6 a0 κ(−η)3+β
(B.37)
D3 = −−12 a0 β
√
(1− β)(1− 2β)(1− 2β)(1− 3β)√
6κ(−η)2−β (B.38)
D4 =
72β
√
(1− β)(1− 2β)(1− β)(1− 2β)√
6 a0 κ(−η)2+β
(B.39)
D5 =
12β(1− β)(1− 2β)(1− 3β)
κ(−η)2 (B.40)
D6 = −24β
√
(1− 2β)(1− β)(1− 2β)(1− β)√
6 a0 κ(−η)2+β
(B.41)
E1 =
9
√
(1− β)(1− 2β)(1− β)(1 + β)2(3− 19β − 3β2 − 77β3)√
6 a0 κ(−η)5+β
(B.42)
E2 =
2 a0
√
(1− β)(1− 2β)(1 + β)(1− 2β)√
6 κ(−η)1−β (B.43)
E3 = −2 a0
√
(1− β)(1− 2β)(1 + β)(1− 2β)√
6 κ(−η)1−β (B.44)
E4 =
72β
√
(1− β)(1− 2β)(1− β)2(1 + β)(3 + 11β)√
6 a0 κ(−η)4+β
(B.45)
E5 =
18β
√
(1− β)(1− 2β)(1− β)(1 + β)(7− 17β)√
6 a0 κ(−η)3+β
(B.46)
E6 = −12 a0 β
√
(1− β)(1− 2β)(1− 2β)(1 + β)(1− 3β)√
6 κ(−η)3+β (B.47)
E7 =
4β(1− β)(1− 2β)(1 + β)(1− 11β)
κ(−η)3 (B.48)
E8 = −18β
√
(1− β)(1− 2β)(1− β)(1 + β)(1− 3β)√
6 a0 κ(−η)3+β
(B.49)
(B.50)
– 21 –
After taking partial derivative,∫
d4x
[(
A1ϕ
′2
2 +A2∂
iϕ2∂iϕ2 +A5ϕ
2
2
)
+ ϕ2
(
G1ϕ
2
1 + E2(∇2B1)2 + E3∂ijB1∂ijB1+
G2ϕ1ϕ
′
1 +G3ϕ
′
1
2
+G4ϕ1ϕ
′′
1 +G5ϕ
′
1ϕ
′′
1 +G6ϕ∇2ϕ1 +G7ϕ′∇2ϕ1+
G8∂
iϕ1∂iϕ1 +G9∂
iϕ′1∂iϕ1 +G10∂
iϕ1∂iB1 +G11∂
iϕ′1∂iB1 +G12Q+G13Q
′
)]
(B.51)
where,
G1 = E1 −B2F1 −D′1 (B.52)
G2 = E4 − (B2F2 +B3F1)− (D′2 + 2D1) (B.53)
G3 = E5 −B3F2 − (D2 +D′4) (B.54)
G4 = −D2 (B.55)
G5 = −2D4 (B.56)
G6 = −B1 (B.57)
G7 = −B4 (B.58)
G8 = E8 −B1 − (D′6 −D5F3) (B.59)
G9 = −B4 − 2D6 (B.60)
G10 = E7 −B2 − (D′5 − 2HD5) (B.61)
G11 = −B3 −D5 (B.62)
G12 = E6 −D′3 (B.63)
G13 = −D3 (B.64)
so the equation of motion of scalar field for power law K-Inflation is,
2A1ϕ
′′
2 + 2A
′
1ϕ
′
2 +A2∇2ϕ2 +A5ϕ22 = G1ϕ21 + E2(∇2B1)2 + E3∂ijB1∂ijB1+
G2ϕ1ϕ
′
1 +G3ϕ
′
1
2
+G4ϕ1ϕ
′′
1 +G5ϕ
′
1ϕ
′′
1 +G6ϕ∇2ϕ1 +G7ϕ′∇2ϕ1+
G8∂
iϕ1∂iϕ1 +G9∂
iϕ′1∂iϕ1 +G10∂
iϕ1∂iB1 +G11∂
iϕ′1∂iB1 +G12Q+G13Q
′
(B.65)
a0 dependency in the action as well as in the equation of motion can be resolved by
rescaling ϕ1 → a0ϕ1, ϕ2 → a0ϕ2.
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